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A series expansion applied to the Born propagator present in the differential cross-section allows 
one to obtain successive corrections to the impulse approximation. The first and second corrections 
explain the essential features of the Compton defects. Results for the second corrective term are 
presented for 1 s, 2 s, 2 px , and 2 pz hydrogenic states. The decrease or increase of the scattered 
intensity near the maximum of the Compton profile is shown to be strongly related to geometric 
properties of the concerned orbital 
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1. Introduction 

In the impulse approx imat ion (IA), C o m p t o n pro-
files are directly related to the electron m o m e n t u m 
density or, by means of a Four ie r t ransformat ion, to 
a position-space quantity, itself related to orbital auto-
correlat ion funct ions [1], Similarly, deviations f rom 
the IA tha t are present in experimental investigations 
of gaseous, solid and liquid systems, using electron-
impact , X-ray or y-ray techniques, can be interpreted 
in posi t ion space. 

These deviations cause changes in the posit ion of 
the C o m p t o n profile m a x i m u m and in the magni tude 
of the peak. In order to t ake these effects in to account, 
a theoretical model has been proposed [2] and a first 
corrective te rm to the IA has been derived allowing an 
in terpre ta t ion of the C o m p t o n shift. It is the aim of 
this paper to complete this s tudy with the calculation 
of a second corrective te rm modifying the peak magni-
tude predicted by the IA. 

2. Theory 

In the first Born approx ima t ion (BA), the use of 
closure on the final s tates leads to an expression for 
the generalised C o m p t o n profile given by 

JB(q,k) = ~ + f e - i ' « k 

111 -oo 

• £ <0,1 exp [i t(H — Et — CM)] | (/>;> dt. (1) 
n = i 
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H represents the target Hami l ton ian and </>,• the initial-
state wave funct ion of energy Et. The usual C o m p t o n 
parameter q is (E — k2/2)/k, where E and k are the 
energy and m o m e n t u m transferred f rom the incident 
particle to the target and Cß = —ikVß. The Born op-
erator , exp [i t(H — £ ; — C j ] , is then expanded and J B 

is written as a sum of terms alternatingly symmetr ic 
and antisymmetric, 

JB = J° + J1 + J2 + . . . + J " + . . . = J° + J B A + JB S . 

J° (q) is the C o m p t o n profile in the I A. J B A (q, k) and 
JBS (q, k) represent the sums of all the corrective terms 
to J°, ant isymmetr ic and symmetric, respectively. An 
approx imate expression for JB is in t roduced with 

J = J° + J1 + J2. (3) 

F o r hydrogenic ions with nuclear charge Z , JB is 
well known [3], an d the first corrective term J1 can be 
compared to J B A and J2 to JB S . In this simple case, the 
validity of the p roposed approx imat ion can be esti-
mated. J°, J1, and J2 can be writ ten as 

J°(q) = ^-]cos(QX)S(X)dX (4) 
Ctz: 0 

with S(X) = <4>(rb)\4>(ra)X Q = - and X = Ckt (C is 
the orbital exponent); £ 
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J l M = - y - T J s i n ( < 2 * ) d X 
Crc k o 

• f | < 0 i ( r * ) | — - I * , ( r j > d * l f (5) 
0 C rc rb 
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J2(q,k)=-— - J c o s ( Q X ) d X (6) 
Cn \ k J o 
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The parameters used in the integrat ions are repre-
sented in Fig. 1 and fulfil the relationships 

R = kt, R1=ktl, R2 = kt2, 

ra = r, rb = r — R, rc = r — Rlf rd =r-R2. 

R2 

RI ^ 

R 

Fig. 1. Geometrical representation of parameters used in (6). 

Fig. 2. The second correction J 2 ( ) compared to the 
approximation (k = 2 a.u., Z — 1). 

The general term in the expansion (2) may be ex-
pressed as 

1/ZV 
= Ö). (7) 

j" (Q) is a function characteristic of the orbital f rom 
which the electron is ejected. J1 an d J2 are mult icentre 
potential-energy integrals including binding effects 
due to the nuclear charge Z act ing upon the ejected 
electron during its motion, which is assumed to be 
linear. Fo r a given hydrogenic state, if Z/k is suffi-
ciently small, the expansion (2) converges rapidly, J 1 

and J 2 represent a good approx imat ion to J B A and 
JB S , respectively, and A J = J1 + J2 furnishes a good 
estimate of the total defect over the whole experimen-
tal profile after subtract ion of J°. J1, which has been 
extensively studied [2-4] , is mainly responsible for the 
shift of the C o m p t o n peak and allows only compar i -
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Fig. 3. The total Compton defect calculated with the proposed 
( ) (fc = 2 a.u., Z = 1). 

son with the ant isymmetr ical pa r t of the experimental 
profile over a symmetr ic range in q. 

3. Results and Discussion 

The results are presented in Figs. 2, 3, and 4 for the 
hydrogenic states 1 s, 2 s, 2 p x r and 2 p z (orbital axis 
perpendicular and parallel to the direction of k for 
2 p x z and 2 p z , respectively). The calculations have 
been made for k = 2 a.u. and for a nuclear charge 
Z = 1 so tha t Z/k = 1/2 whatever the state is, but the 
average energy transferred to the target is 4 times the 
binding energy for a 1 s electronic state and 16 times 
for an electron ejected f rom the L-shell. Simple analyt-
ical formulas are obta ined for q = 0 where J 1 = 0. 
They are presented in Table 1 together with numerical 
results i l lustrating the convergence of the expansion 
(2) by J2/J°, the validity of the IA by (JB - J°)/JB and 
the validity of the proposed t rea tment by ( J B — J)/JB. 
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The differences in the behaviour of J2, depending on 
the na ture of the concerned orbital , are similar to 
those of J1 and can be explained in the same manne r 
[2]. F o r the hydrogenic states 2 s, 2 p x y and 2 p z with 
the same binding energy, the larger values of J2 and 
J2/J° are observed for these orbitals, which give rise to 
the larger spatial extent of the self-overlap funct ion 
S(R) in the k direction (Figure 5). Moreover , for the 
2 p z state, the negative par t of the overlap funct ion 
occurs at large R values and leads to a positive sign for 
J2 in the ne ighbourhood of q = 0, increasing the 
C o m p t o n peak height. When k/Z is sufficiently large, 
(JB - J ° ) / J B behaves as Z2/k2, like J2/J° (this can be 
noticed in the Table). In that case, for a given orbital , 
the C o m p t o n defect increases with increasing Z and 
the binding energy effects are dominan t . In all o ther 
cases there is compet i t ion between energetic and geo-
metric propert ies of the orbitals. 

Finally, it can be remarked that the agreement be-
tween the proposed model and the BA increases when 
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Table 1. Calculated values of the symmetric correction to the impulse approximation at q = 0 for k = 2 a.u. and Z = 1 (2 pav 
means the averaged 2 p x y, 2 p . values). 

1 s 2 s 2Px.y 2p z 2 P a v 

J2 Z 2 4(9 — 7 T 2 ) Z 2 2 ( 1 4 1 - 1 6 7 T 2 ) Z2 2 ( 3 9 — 4 7 i 2 ) Z 2 2 Z 2 2(93 — 8 7 t 2 ) 
J2 

fe2c 9 n k2C 45 n k2C 15 7t k2Cn k2C 45 71 

J2/J° 
Z2 (9 - 7 t 2 ) Z 2 (141 - 16 7 t 2 ) Z 2 ( 3 9 - 4 n2) Z 2 (93 - 8 7 r 2 ) 

J2/J° 
k2 6 k2 96 k2 24 k2 48 

J2 - 0 . 0 3 - 0 . 1 2 - 0 . 0 1 0.32 0.10 

J2/J° - 3 . 6 % - 4 . 4 % - 0 . 5 % - 7.3% 

(JB - J°)/JB - 3 . 8 % - 3 . 9 % - 0 . 5 % 100% 5.7% 

(JB-J)/J* ^ - 0 . 0 7 % 0.66% 5.10~4% - 1 9 % - 1 . 2 % 

Fig. 4. Compton profiles represented in the impulse approx-
imation ( • • • • ) , the Born approximation ( ) and the pro-
posed approximation ( ). [k = 2 a.u., Z = 1), (2 pav means 
the averaged 2pXiJ), 2p z values). 

Fig. 5. Self-overlap functions (reciprocal form factors [1]) for 
1 s, 2 s, and 2 p hydrogenic orbitals. 

J2/J° decreases . So the ca l cu l a t i on of J2/J° a t q = 0 
a l lows to e s t ima te the val idi ty of t he IA a n d to test the 
convergence of the p r o p o s e d e x p a n s i o n of JB. F o r 
complex sys tems like a t o m s a n d molecu les , J2 a t q = 0 
is the s u m of the c o n t r i b u t i o n s of t he i nd iv idua l or -
bi tals wi th an effective nuc l ea r c h a r g e e x t r a c t e d f r o m 
J1 a t q = 0. 
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